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Abstract: Gravity in five-dimensional braneworld backgrounds may exhibit extra scalar 
degrees of freedom with problematic features, including kinetic ghosts and strong coupling 
behavior. Analysis of such effects is hampered by the standard heuristic approaches to 
braneworld gravity, which use the equations of motion as the starting point, supplemented 
by orbifold projections and junction conditions. Here we develop the interval approach to 
braneworld gravity, which begins with an action principle. This shows how to implement 
general covariance, despite allowing metric fluctuations that do not vanish on the bound- 
aries. We reproduce simple Z2 orbifolds of gravity, even though in this approach we never 
perform a Z2 projection. We introduce a family of "straight gauges" , which are bulk coor- 
dinate systems in which both branes appear as straight slices in a single coordinate patch. 
Straight gauges are extremely useful for analyzing metric fluctations in braneworld models. 
By explicit gauge fixing, we show that a general AdS§/AdS± setup with two branes has at 
most a radion, but no physical "brane-bending" modes. 



*carena@f nal . gov, lykken@fnal.gov, mpark@uchicago.edu 



Contents 



i 
I 



Introduction 

Orbifolds in field theory 
|2.1| Scalars on a 5d orbifold 

Abelian gauge theory on a warped orbifold 
2.2.1 massless modes 
2.2.21 massive modes 



2.2 



Gravity on a flat orbifold 
|3.1| Orbifold picture 
Interval picture 

2 



3.2 



3.2.1 



3.2.2 



P 

p 2 = 



The Randall-Sundrum model in the interval picture 

3 



E3 p 







Gravity in a general warped background 







5.2 



5.3 



5.4 



Derivation of the equations of motion 
Straight gauges 
Background solutions 
Gauge fixing 

"massive" case 
"massless" case 



5.4.1 



5.4.2 



11 
13 

u 

16 

m 

19 

n 
n 



Conclus ion 



39 



- 1 - 



1. Introduction 



Models of braneworld gravity are so varied and popular that they are commonly denoted 
in a cryptic shorthand: ADD Q, RSI [§, RSII §], LR @, AED §, UED §], DGP §, 
KR m, etc. Most models are based upon an orbifold as the background geometry, usually 
S 1 /Z2. The analysis of such models begins with making explicit orbifold projections on 
the equations of motion, and integrating the equations of motion through the orbifold fixed 
points to obtain junction conditions IPj-H]- This is a convenient shortcut which produces 
correct results in simple analyses of simple systems. 

However there are problems with this standard approach. The first is that general 
relativity (GR) is defined on manifolds, not orbifolds. An orbifold is a well-defined but 
singular limit of a smooth manifold. It is possible to treat a Z2 orbifold as a limit of a 
manifold with boundaries, however a generally covariant action principle for manifolds with 
boundaries is usually only discussed in the case where metric fluctuations are restricted 
to vanish on the boundaries |jilif ]. In braneworld models we are specifically interested in 
the case where the metric fluctuations do not vanish on the boundaries. This problem is 
usually finessed by applying junction conditions [16], which does not address the status of 
general covariance in such a system, or resolve whether one can define an unambiguous 
action principle. 

Another complication is that braneworld models often contain extra scalar degrees 
of freedom, coming from fluctuations of the higher dimensional metric. In many setups 
|17|j-[|24|| it appears that these extra scalars are kinetic ghosts (i.e. they have kinetic terms 
with the wrong sign) or have a kinetic term with vanishing coefficient, leading to strong 
coupling behavior. To exhibit either kind of pathology explicitly requires computing the full 
gauge-fixed effective action of (at least) the linearized theory. This certainly requires a well- 
defined action principle as a starting point, and it requires an unambiguous understanding 
of the full general coordinate invariance of the model. 

In this paper we provide a general set of definitions and methodologies for analyzing 
models of braneworld gravity. We begin with a number of familiar examples. In §2.1 we 
introduce basic concepts and notation of the interval picture using a simple 5d scalar field 
theory. In §2.2 we discuss 5d abelian gauge theory in a fixed braneworld background. In 
§3.1 and §3.2, we treat 5d gravity in a flat S 1 /Z2 background. We contrast the usual 
orbifold techniques with the interval picture, where we never invoke Z2 projections or 
junction conditions. To simplify the presentation we employ limits of the general results 
derived in §5. In §4 we do a similar analysis for the original Randall-Sundrum model, in 
the interval picture. 

We then proceed to analyze a general AdS^/AdS^ setup with two branes, including 
brane kinetic terms for gravity. Here it is already not obvious from previous work how to 
count the physical scalars coming from the metric. Orbifold projections by their very nature 
are only implemented in a coordinate system where the branes are "straight", i.e., located 
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at fixed slices of the 5d coordinate y. We call such coordinate systems "straight gauges", 
and define them precisely. For setups with more than one brane, none of the standard 
gauge choices of gravity (axial, harmonic, de Donder, Gaussian normal) are straight gauges 
in a single coordinate patch. A coordinate transformation of the metric that violates the 
straight gauge condition has the appearance of a scalar metric perturbation, called a "brane- 
bending" mode. In the orbifold approach one cannot distinguish between the following two 
possibilities: 

• orbifold gravity does not respect the full general coordinate invariance of gravity on 
manifolds, and thus some brane-bending modes are physical; 

• orbifold gravity does implement the full general coordinate invariance, and brane- 
bending modes are always pure gauge. 

The interval picture shows that the second alternative is the correct one. We show that 
warped two-brane setups have at most a single 4d scalar mode (a radion) coming from the 
metric. 

Other authors have already introduced some of the concepts employed in this paper 



2. Orbifolds in field theory 
2.1 Scalars on a 5d orbifold 

Most of the literature on warped extra dimensions is based upon the idea of field theory on 
the simple orbifold S 1 /Z2- For a nongravitational theory there is a simple unambiguous 
implementation of the orbifolding. Consider for example a real 5d scalar field ^{x^^y). 
Compactifying the y direction on a circle with radius L/tt implies that <p should be decom- 
posed into the appropriate Fourier modes: 



The Z2 orbifolding around the point y = then amounts to projecting out all of the odd 
modes, i.e., setting all the 4d fields b n {x) to zero. It is also possible to define a different 
orbifolded theory in which all of the even modes are projected out. Note that the modes 
which are even around y = are also even around y = L. These are the two fixed points 
of the orbifold. By periodicity, the fixed point y = L is identified with the point y = —L. 
The orbifold can be regarded as extending from — L to L, with two fixed points but no 
boundaries. 

This definition of a field theory orbifold is certainly not adequate for a theory which 
includes gravity. In particular the fixed points of an orbifold lead to ambiguities in the 
formulation of GR. This is especially true if one introduces delta function sources at the 



m-m- 




n>0 



(2.1) 
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fixed points of the orbifold. It is not obvious in this case that there is a well-defined action 
principle, and the status of general coordinate invariance is murky. 

To examine these issues, we first need a definition of the field theory orbifold at the level 
of the action, rather than as a projection on the equations of motion. We use essentially the 



same definition as [26|. Consider again a real 5d scalar field. Including polynomial sources 
located at the fixed points, the S 1 /Z2 field theory orbifold is defined by the following action 
(our metric signature is — h + + +): 



-lim 



d A x 



L—e r—e 

dy + dy 

J-L+e 



-d M 6d M 6 + V{6) 



+ (<% - e) + S(y + e)) Vb(0) + (<% - L + e) + 5(y + L - e)) V L {S)} . (2.2) 

The action comes from integrating over two intervals: [-L + e, — e] and [e,L — e]. It is 
understood that we are imposing periodicity under y — > y + 2L, as before. Thus the S 1 /Z2 
orbifold, which has two fixed points and no boundary, is here represented as a limit of 
a theory with two intervals and four boundary points. In this simple example there is a 
bulk potential V{6) and two "brane" sources Vq{6) and Vl{6). These brane sources have 
support only at the four boundary points; they are introduced symmetrically to reproduce 
the usual delta function brane sources in the limit, e.g.: 



lim 



lim 



L £ dy + J * dy^j (6(y-e) + 6{y + ej)Vo(<l>) 
L £ dy] ~(6(y - e) + 5(y + e))v (<t>) 



dy5(y)V ^). (2.3) 



l-L+e J z x ' J-L 

It is important to note that we are assuming that the brane sources are continuous, e.g. 



limVo 



limW)|- e = W)|o- 

E— >0 



(2.4) 



In order to have a well-defined action principle, a field theory with boundaries requires 
the imposition of appropriate boundary conditions. To see how this works for our simple 
example, consider the full variation of the action, keeping surface terms: 

f-L-e 

dy 



SS 



-lim 



+ 



dy- 
15V L 



-L+e 



+ 



2 56 



L-e 
+ 



ISV 



2 



where prime denotes a derivative with respect to y. 
The bulk equation of motion is 



d M d M 6 + 



5V{6) 



0. 



(2.5) 



(2.6) 
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To make the action stationary, this must be supplemented by boundary conditions at the 
four boundary points. One option is to impose Dirichlet boundary conditions, i.e., to 
require that 5(j){x^,y) vanishes at the boundaries. This is not usually what one wants for 
brane models, although it is the assumption used for general relativity with boundaries. 

The other option is to supplement the bulk equations of motion by four "brane- 
boundary" equations: 



L-e 



* ^ 2 8<t> 

_l 1 SVp 
' 2 5<b 



-L+e 



0; 
0; 
0; 
0. 



(2.7) 



In the limit e — > this is equivalent to: 



lo+ 



lo- ) 



-20'| o+ + ^|o = O; 



(2- 



0. 



The brane-boundary conditions (2.7) are invariant under interchanging the two intervals 
combined with y — > —y. From this it is clear that we can always restrict our attention 
to solving for <p in the interval < y < L, imposing the second two boundary equations 
of (^]^). The solution in the interval —L<y<0 then follows by applying the first two 



relations of (2.8). In this paper we will always be content to display our solutions on 
< y < L. 

Note that if we remove the brane sources, we get simple Neumann boundary conditions 
at the boundaries. Then in the limit e — * 0, the brane-boundary equations are precisely 
equivalent to the usual orbifold projection. 

Following earlier work |27| , pS| ] , we will use the name "interval picture" to refer to this 
approach to defining field theory orbifolds at the level of the action. 



2.2 Abelian gauge theory on a warped orbifold 

A more ambitious example is to consider a 5d abelian gauge theory, with brane kinetic 
terms, in a warped orbifold background with two branes. This setup was analyzed in the 



conventional orbifold picture in [3C]. The interval picture action is given by: 



cL-e 



S 



dy + 



dy 



L+e 



— lim / d A x [ I 

*-*J \Je 

+2ru{5(y - e) + S(y + e)}G^G 
+2n{5{y -L + e)+S(y + L- e)}G^G u ° F^ u F pu ] . 



G^\G MP G N ^F MN F, 



MN-PPQ 



wcr TP TP 
r [iv r pa 



(2.9) 



- 5 - 



Here we have introduced a fixed background metric which is warped: = a 2 ^)!]^, 

G44 = 1, = 0. The function a(y) is the warp factor. For e.g. an AdS§ background as 
in Randall-Sundrum (RS), we would have: 

a(y)= p» -L<«<0, (210) 

where k is the inverse AdS§ radius of curvature. 

To be clear, let's pull out all the warp factors explicitly, and for the rest of this example 
we raise and lower indices with r)nv Then: 

F MN F MN = ^ {d ll A v d^A v - d»A v d v A») 

+^{d li A A d^A i -2d^A i A'^ + A^'A' ll ) , (2.11) 

where prime denotes a derivative with respect to y. The bulk equations of motion (EOM) 
are: 

d 2 A (i - d»d v A v - {a 2 d^A 4 )' + (a 2 A^)' = ; (2.12) 
a 2 d 2 A 4 -a 2 d^A' fl = 0. (2.13) 

The two brane-boundary equations are: 

-a 2 <9 m Al|o+ + a 2 A'^+ + r v [d 2 A^ - d„d v A„] y=Q = ; 
a 2 d^A A \ L - - a 2 A%- + rj [3% - d^A v ] y=L = 0. (2.14) 

The 5d abelian gauge transformations are generated by A(x,y): 

A„ -> A„ + d„A ; 

A 4 -> A A + A' . (2.15) 

We want to determine the physical degrees of freedom of this theory in the interval picture. 
To begin, we do a partial gauge-fixing by choosing 

A« (x, y) = - J A A dy + J" F{y)^{x)dy . (2.16) 

With this partial gauge-fixing we have 

A 4 (x,y) = F(y)^(x). (2.17) 

The function F(y) is fixed but arbitrary; different choices of F(y) correspond to different 
gauges. The 4d field ip(x), on the other hand, appears at this point to be a 4d scalar degree 
of freedom. 



The bulk equation ( 2.13 ) becomes: 

Fd 2 ip = d^A^ . (2.18) 

The 5d field Am(x,v) has a different 4d tensor decomposition depending upon whether or 
not it is a zero mode of the operator d 2 , i.e., whether it is a massless mode in the 4d sense. 
Thus we need to solve separately for the massless and massive modes. 
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2.2.1 massless modes 

When Am{%,1j) is a zero mode of d 2 , we can write: 

A^x, y) = Al(x, y) + d^{x, y) + Aj(x, y) , (2.19) 

where 4>(x, y) is pure gauge, A^(x, y) is the 4d longitudinal mode, and A^(x, y) are the two 
remaining transverse modes which are not pure gauge. In addition, we are only looking at 
the part of ip{x) which satisfies d^d^ip = 0. 
The bulk equation ( 2.18| ) reduces to: 



where p(x) is an arbitrary function. Defining 

X ^'(x,y) = A' ll -F(y)d^(x) , 
the remaining bulk equation ( 2.12[ ) gives: 

(a 2 X^'Y = d,p , 
while the brane-boundary equations become: 



(2.20) 
(2.21) 
(2.22) 



a X 



rud^p 



(2.23) 



where we are employing a shorthand notation (0, V) to distinguish the two independent 
brane-boundary conditions. 

Provided that r[/ + r;+I/0, the only simultaneous solution of ( |2 . 2 2| - 2T23| ) is 



This in turn implies: 



Al(x,y) = Aj(:r) ; 
<p(x,y) = F{y)ij){x) + <fi(x) 



(2.24) 



where J~{y) is defined by 



(2.25) 
(2.26) 



?'{y) = F(y) , 

with the integration constant set to zero. 

To count massless degrees of freedom, we perform the gauge transformation defined 

by 

AW (x, y) = -F(yMx) - <f>(x) . (2.27) 
This takes us to an axial gauge, which is also the unitary gauge for this model: 

A„{x,y) = Al(x) ; 

A i (x,y)=0. (2.28) 
There are no extra massless scalar modes, as expected. 
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2.2.2 massive modes 

In this case we decompose 

A^ = Al + d^, (2.29) 

where is transverse. Then ( |2.18| ) becomes: 

Fd 2 ip = d 2 <j>' . (2.30) 

However we already gauge-fixed ip(x) (massless and massive modes) to zero by the trans- 
formation (2.27). Since also we are looking only at massive modes of (j> we can remove the 
d 2 and conclude: 

<j>(x,y) =<f>(x) . (2.31) 

Note 4>(x) just represents the residual 4d gauge freedom that preserves the axial gauge. 
Thus we can gauge-fix it to zero. 
So far we have: 

An(x,y) = A^(x,y) ; 

A 4 (x,y)=0. (2.32) 

The massive KK modes have three physical polarizations (and no residual gauge freedom), 
as appropriate for a massive vector. 

Plug this into the bulk equation ( |2.12| ): 

d 2 Al + (a 2 Al')' = . (2.33) 

The brane-boundary equations become: 

[a 2 Al> + ru d 2 Al} = 0; (2.34) 
[-a 2 Al' + rjd 2 Al] L = 0. (2.35) 

We introduce a Kaluza-Klein (KK) decomposition for the massive transverse modes Aj l {x, y): 

oo 

Al(x,y) = J2^(x) X ^(y). (2.36) 

n=l 

We can take the A^\x) to be on-shell in the 4d sense, so d 2 — ► — p 2 — > m^. The bulk 
equation of motion becomes: 

(a 2 X {n) '(y)y = -m 2 nX {n) (y). (2.37) 
We can turn the above into Bessel's equation by making the substitutions: 



(„) = 1 /( n). Zn = ^f- (2.38) 
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where now we are going to restrict to the RS case, so a' /a = —k, a" /a = k 2 . This produces 

, d 2 d 



c i5 + *5- + «- 1 >)' w 



0. 



The solutions are: 



X 



(«) 



1 



NniJtizJ + bY^Zn)) 



(2.39) 



(2.40) 



where b is a constant and the N n are normalization constants 
The brane-boundary equations now become: 

,2 „ ,^2 



X {n) '\o 



Using 



r um n (n) 

n2 X 



X {n) '\L 



r I m n (n) 

9 A 



x (n)> = ^L Nn{Jo{zn)+bYo{zn )) , 

a 



we determine the constant b and the eigenvalues m n : 



Y (z n ) + r -^ Yl (z n ) 



MZn)- r -^Jl(z n ) 



(2.41) 



(2.42) 



(2.43) 



Y (z n ) - r -^ Yl (z n ) 
These results are identical to those of ]30|], computed in the orbifold picture. 

3. Gravity on a flat orbifold 
3.1 Orbifold picture 

Consider 5d gravity on an S 1 /Z2 orbifold in the simplest case where there are no brane 
sources and there is no bulk cosmological constant. This would be, e.g., the gravity back- 
ground for the simplest model of Universal Extra Dimensions 0. Let's find the physical 
degrees of freedom coming from the 5d metric, using the conventional orbifold language. 
The background metric is flat: 

i0 



Including linearized metric fluctuations, we write: 

GmN = G°MN + h>MN 



( Vp> 




(h 






(— 1 


\ h4u 


ha ) 



(3-1) 



(3-2) 



Plugging this into the standard source-free 5d Einstein equation gives the following bulk 
equations of motion: 



= dpd^hl + d P d v h P - d p d P h llu - d^h^ 
-riv {d M d N h MN - d p d P hZ) ; 

o = dpdX + d P h P ' - d p d P h^ - dji%' ; 
o = 2d P h pl - d p d P h u - hf/' 



d M d N h MN + d^d P h 



M 
M J 



(3.3) 
(3.4) 
(3-5) 
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where as always a prime indicates derivative with respect to y. 

Because of the periodicity in y, all of the metric fluctuations are expanded in a tower 
of KK modes, which are just sines and cosines. In the orbifold picture, we impose the Z2 
symmetry explicitly, by projecting out the sine modes for h^ u and /144, as well as the cosine 
modes for h^: 



n>0 



00 

h» 4 (x,y) = Y,h$(x) S m(^) ; (3.6) 

n>0 

, (0) , \ 00 

h u (x, y) = 44 + > ^44 ^) cos —r 

^ 2 rT^O V L 



Note there are ten zero modes from and one more from ^44. 

Linearized general coordinate transformations (GCTs) x M — > x M + £ M give: 

^ M z/ -> V> - <9/^ - , (3.7) 

/1/.4 -> ^4 - C/x' - ^M^ 4 ' ( 3 - 8 ) 

/l 4 4 /i44 - 2£ 4 ' , (3.9) 

where the gauge parameters £, M (x, y) are also expanded in KK modes and subjected to Z2 
projections: 

«,,,) = £^ + £«*><x)c« (==!), 



n>0 



00 

e 4 (x, y ) = ^e 4( " ) (x)sin(^) . (3.10) 



L 

n>0 

We can go to a convenient coordinate system by choosing 

= 4? , (3.11) 

T #° = + , (3-12) 

so that all hfj$ and h$ with n > are gauged away, leaving only 

00 

h, u (x,y) = h $(x) + J2h$(x)cos(^) ; (3.13) 

n>0 

M*>J/) = h { S(x). (3.14) 
The residual gauge freedom is generated by £ M (x,y) that satisfy 

C 4 ' = 0, & = -d^. (3.15) 
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In addition, we began with a coordinate system in which the branes are straight, i.e., 
they are located at fixed slices of y. In the orbifold picture it is not obvious whether we 
are allowed to deviate from this "straight gauge". In the literature it is usually assumed 
(implicitly) that one should not deviate from straight gauges. This assumption implies 
that £ 4 should vanish at the brane locations, reducing ( |3.15| ) to: 

e 4 = o, e; = o. (3.16) 

Thus the remaining gauge freedom is just the 4d GCTs generated by ^°\x). The 
equations of motion for the gauge-fixed degrees of freedom can be decoupled by a standard 
analysis [31]. From ( 3.13| ) we read off the physical degrees of freedom (DOF): 



• a massless graviton h${x) with two on-shell degrees of freedom, 

• a massless radion h^(x), 

• a Kaluza-Klein tower of massive gravitons fi0 (x) with 5 DOF each. 
3.2 Interval picture 

In the interval picture we begin with an action: 

S = [ d 4 x ( [ dy+ [ dy] ^G2M 3 R + 4M 3 / K , (3.17) 

J \Jo+ J-L+ J JdM 

where R is the Ricci scalar, K is extrinsic curvature, and M is the 5d Planck mass. We 
are using coordinates in which the branes {i.e. the boundaries) are straight, that is, they 
are located at fixed slices of y. 

The second term in the action is the usual Gibbons-Hawking modification of GR for 



the case of manifolds with boundaries IE]. The addition of this term ensures that the bulk 
EOM is the usual Einstein equation, for metric variations which vanish on the boundaries. 
Since we need an action principle for metric variations which do not necessarily vanish 
at the boundaries, we must supplement the bulk Einstein equation by appropriate brane- 
boundary equations. 

We want to compare the orbifold results of the previous section with what we obtain 
using the interval picture. Keep in mind that in the interval picture we do not impose any 
Z2 projections, on either the metric fluctuations or on the generators of general coordinate 
transformations. We will only quote results since a general derivation is given in §5. There 
we will also generalize to the case of non-straight gauges. 

As in our previous example of the 5d gauge field, we begin by performing a partial 
gauge fixing. The GCT with £^ = and 

e (IH = I f h AA dy-^j" F(y)i,(x) dy , (3.18) 
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with F(y) a fixed but arbitrary function of y, transforms an arbitrary /144 into 

h u = F{y)^[x) . (3.19) 

Since we want to be in a straight gauge, we must require that £W 4 vanishes at the locations 
of the branes. On the interval < y < L, this fixes the y-independent part of ( |3.18| ) to be 



(1)4 



1 fV 



htedy 



1 P 



F(y)ip{x) dy , 



(3.20) 



and fixes a relation between the radion field ip(x), F(y), and the original metric fluctuation 

h 44 (x,y): 



Jq hu dy 
Io L ny)dy 



(3.21) 



From flPID we see that F(y), though arbitrary, must be nonzero. More precisely, the 
straight gauge condition requires: 

-L 

F(y)dy ± . (3.22) 



Choose 



Thus the analog of axial gauge is not a straight gauge. 

Next we can perform an additional partial gauge- fixing to eliminate Tw. 
£ (II)4 = and 

which leaves ^44 unaffected and gives 



h 



M 4 



0. 



(3.23) 



(3.24) 



The remaining gauge freedom is just the 4d general coordinate transformation generated 
by 

t4 



r = o, e=e(x). 

Note that the coordinate transformation generated by 



(3.25) 
(3.26) 



? = e(x), ? = -yd ll e{x), 

respects the gauge conditions Q3.19 ) and ( |3.24j ) but does not keep us in a straight gauge. 
Treated as a scalar metric perturbation, e(x) is the putative brane-bending mode. 

To identify the physical DOF, we examine the bulk equations of motion obtained from 
(EMU): 

= dpd^K + dpdyhf^ - d 2 h fl „ - d^dji 

-V^(d P dah pa - 2 h) - h% + Vlx Ji" - F8^ + V ^Fd 2 iP ; 

dp~ti ; (3.27) 

-dJbybr + d 2 h ■ 



= d v h»' 







= h" + Fd 2 i) , 
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where h = r/^h^, and the fourth equation is an auxiliary relation obtained from twice the 
third equation subtracted from the trace of the first. From the general formula (|5.88|) that 
we will derive in §5, the brane-boundary equations are 







tip, - rj^h' , (3.28) 



As in the gauge field example of the previous section, we will need to solve these equations 
separately for the cases where the metric perturbations are massless or massive in the 4d 
sense. To be completely explicit, we will Fourier transform to a 4d momentum space rep- 
resentation of the metric perturbations h^ u (p,y). The bulk and brane-boundary equations 
become: 

= -p^PpK - PuPpK + p 2 h^ u + PiiPvh 



+V^u(PpPah Pa " 


- p 2 h) - h"^ + r]^ u h" + Fp^p v tp - T]^ u Fp 2 iJj ; 


(3.29) 


PJ^ ~ P^h' ; 




(3.30) 


PixPvh^ -p 2 h 




(3.31) 


h" - Fp 2 i) , 




(3.32) 


Kb/ ~V^h'] y= 


=0,L ' 


(3.33) 



3.2.1 v ^ 

As discussed in the Appendix, for p 2 ^ the tensor h^ u (p,y) can be decomposed as 

hfj, v {p, y) = b^ u (p, y) + iPuVvip, y) + ipvVp{p, y) - p^pAiip, y) + Vi^hip, y) , (3.34) 

where 6^(^,1/) is traceless transverse, V^ip, y) is transverse and pure gauge, 4>i(p,y) is a 
pure gauge scalar, and 4>2(p,y) is another scalar. The bulk equation ( 3.31 ) immediately 
gives the constraint 

02 = . (3.35) 

Then ( |3.30| ) gives 

ip 2 Vl = . (3.36) 

Since is both pure gauge and y-independent, we can gauge it away using the transverse 
modes of our residual gauge freedom ( 3,25| ). 



Integrating (|3.32j ) twice in y gives 

h = Hp) + yh(p)-W i (3.37) 

where fi(p), f2(p) are integration "constants", and $(y) is defined by 1s"(y) = F(y), with 
no integration constants. We can remove f2(p) using the longitudinal mode of the residual 
gauge freedom ( |3.25| ). 
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The trace of the brane-boundary equation (|3.33|) gives 

with F'{y) = F(y). Due to ( ^22|) , F(0) / F(L), and thus the only solution of ( ^38|) is 

/i(p) = 0, ^0) = . (3.39) 
Now only 6^ is left, and ( 3.29| ) and ( p. 33 ) determine its mass spectrum. By going on-shell, 

2 2 

i.e., p = —m : 

rn%„ + b% = Q, [b'^] v=QL = 



»v J y=0,L 

nir 

T 



b^(p, y) = B^ip) cos —y , n = 1, 2, • • • , (3.40) 



which agrees with the results obtained for the massive sector in the orbifold approach. 
3.2.2 p 2 = 

The massless modes of have the more complicated tensor decomposition given by (]9|): 

h^{p,y) = Pnv(p,y) + (p, y) + ipvv^ip, y) - PftPvViip, y) 

+ip lJL n u (p,y) +ip„n IM (p,y) + c^(p,y) + V^^ip, y) ■ (3.41) 

Here v^{p,y) is transverse and pure gauge (2 DOF), <pi{p,y) is also pure gauge (1 DOF), 
and n^,(p,y) is pure gauge but not transverse (1 DOF). Also, c^ u (p,y) is traceless but not 
transverse (3 DOF), (p 2 (p, V) is a scalar (1 DOF), and /3^ u (p, y) are the remaining traceless 
transverse components (2 DOF). 

The bulk equation (|3.3l|) gives the constraint: 

PuPvC^ = , (3.42) 

which, because p v c^ v 7^ 0, implies 

= . (3.43) 

Then, (|3,30| ) becomes 

P^iPufi 1 " + 3<p' 2 ) = %p v n v ' + 3<p 2 = , (3.44) 

while ( 3.32|) gives 

ipufi^ ' + 2(^2 =0 =^ ip u n v ' + 2(p' 2 = flip) ■ (3.45) 
Solving for p v n v ' and (p' 2 , we get 

ip v n v ' = ?>h, <f 2 = -fi. (3.46) 
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Taking the trace of the brane-boundary equation ( 3.33; ): 

= [h') y= ^ L = [2ip v n v > + 4#] ^ = 2/i • 

Then 

^2 = hip) , 

and due to p^n^ ^ 0, 

n>" = . 



(3.47) 



(3.48) 



(3.49) 



Since is pure gauge and y-independent, it can be eliminated by the longitudinal part of 
the residual gauge freedom. 
Finally, ( gjp gives 



(3.50) 



Now we contract ( pg) with n^n u . In the Appendix, we show that n^(5^ v = 0, n^u^ = 0, 
and p M n^ 7^ 0; these are 4d tensor relations which are unchanged if we replace (3^ u by fi" 
or Vp by Thus we get 



and 



(p'{ + 2f 2 + F$ = 0, 



%u + V'l + ip^ = . 



For convenience, let's define t^ v = (3^ v + ip^v u + ip v v^. Then (|3.33| ) gives 

0= [W-PMP"^i] w =o,£ ' 

thus 



— ] y=0,L ' 



(3.51) 

(3.52) 

(3.53) 

(3.54) 
(3.55) 



From ( gjg ) and ( gjgg ), WG S66 thclt is y-independent. Then since v v is pure gauge, we 
can gauge it away using two transverse components of the residual gauge freedom. 



Next, from ( 3.51 ) we get 

<pi(p,y) = hip) + vhip) - y 2 h{p) - ${y)4> ■ 



(3.56) 



Since <p\ is pure gauge, we can eliminate f$ by the remaining transverse component of the 
residual gauge freedom. Using ( [3.55D , (p\ and h can be written in terms of xp: 

HL)-m, 



2L 



->!>, 



V 



2L 



(3(y)-.F(0)y)}^ 



(3.57) 
(3.58) 
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Recall that F{y) is an arbitrary function satisfying ( 3,22j ). For example we can choose 
F(y) = 1, in which case the above reduces to f2(x) = —tp(x)/2, (fi(x) = 0. 

In short, the physical degrees of freedom of the massless sector consist of a massless 
graviton (5 iiv {x) with two on-shell degrees of freedom, together with the massless radion 
ifi(x). This agrees with the results of the orbifold approach. 



4. The Randall-Sundrum model in the interval picture 

Let's repeat the same exercise for the case of the RSI background Pj. We want to reproduce 
the well-known results from the orbifold approach using the interval picture analysis. Here 
we have a nonzero bulk cosmological constant and brane tensions, which are tuned to give 
a warped background solution with flat 4d slices. The interval picture action is 

-L- rO 



2M 3 



J^ X IJ dy + I dy) V Z G(R + 12k' 



+ d A x^g YlkBi + 2 <f> K , (4.1) 

j J y=yi J 9M 

where —9\ = 62 = 1, yi = 0, j/2 = L, and we have already inserted the tuned values for the 
two brane tensions. The background solution is 

g ° mn = (i u °i) > (4 - 2) 

where g® v = a 2 (y) rj^ with 

a(y) = {°\ -i<V<0, 

yyj \ e- k y < y < L . ( 1 

As in all our examples we will restrict our attention to the interval < y < L. Indices are 
raised and lowered with the warped background metric G^ IN . Following the procedure of 
the previous section, we gauge fix to 

V = 0, h u = F(y)^(x) , (4.4) 

with the residual gauge freedom generated by 

e 4 = o, e = e(x). (4.5) 
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Bulk and brane-boundary equations of motion are obtained from ( [5.84 - 5.88 ): 



o = d^K + dpdM - <9 2 v - dpdjh - g%,(d p a a hr - d 2 h) 



-h% + g°„h"-4kg°„h' + 4k 2 h 



[IV 



-Fd^M + g%Fd 2 ^ + 3kg° u F'^ - 12k 2 g ^ , 
= - djh! - 3kF8^ , 

= -dpd v b? v + d 2 h - 3kh' - 12k 2 Fip , 

n ( a2 ~ h 'Y 



+ Fd 2 ip + 4kF J ip - 8k 2 Fip , 



2/=2/i 



(4.6) 



with d 2 = g 0tMU d^d v , h = g°^hp U . 

Although the spacetime is warped, we can still perform a 4d Fourier analysis on the 
flat 4d slices. Using p 2 to denote a 2 g°> lu p fM p l/ we write: 



= -PpPfiK - Ppp v h? +a p hp V + ppp u h + g^iPpPah'" 7 - a p h) 
-h% + g%,h" - *kg%,h' + 4fc 2 V 
+F P p Pu ^ - g°^Fa- 2 p 2 ^ + 3kg° u F'i> - 12& g%,F$ , 
= pjfj - pph! - 3kFp$ , 
= pp Pv tt lu - a~ 2 p 2 h - 3kh' - l2k 2 Fip , 
n (a 2 hj 



Fa~ 2 p 2 ip + AkF'ip - 8k 2 Fip , 



h>iw ~ 9pv h ' + 2khp V - 3kg® v Fip 



v=Vi 



4.1 p 2 / 

We use the tensor decomposition from the Appendix: 



hp U = bp U + ippVy + ipuVp - a 2 ppp v (f>i + g^fo 



(4.7) 

(4.8) 
(4.9) 

(4.10) 

(4.11) 



(4.12) 



where we put a 2 in front of <j)\ for convenience. Integrating ( 4.10| ), we get 

h! = -pVifa y) + 4&(p, y) = e 2ky Hp) + e 2ky T {y)p 2 Uv) ~ MF(y){j(p) , (4.13) 



with F'(y) = F(y). Then flO) and flO) are written as 



P 2 4>2(p,y) = k(h(p) +Fp 2 i/j(p) 



e 2ky p 2 Mp,y)) -3ipp4>' 2 (p,y) =3ikF P p^(p) 



(4.14) 
(4.15) 
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We can solve (|4.13| - |4.15|) for 4>i, fa and V^, to get 



<Pi = flip) 



l /4k 



jr \p 



+ 



,2ky 

~2k 



h - w , 



= p 2 (e 2ky V, 



(4.16) 
(4.17) 
(4.18) 

where we have defined 3%) = e 2ky T{y). 

Equation ( [4.18 ) fixes the y-dependence of to be e~ 2ky , which allows us to eliminate 
by the transverse part of the residual gauge freedom. Similarly, f^ip) is removed by the 
longitudinal part of the residual gauge freedom. Then, h^ u becomes 

,2ky. 



h 



= V + e- 2fc %p,{l(J + y)A+w}-%^(^/i+^) • (4.19) 

Plugging this into the Fourier-transformed version of the bulk /iz^-EOM and the boundary 
EOM, we have 



= e 2ky p% u - b% + 4/c 2 6^ , 







y=yi 



Contracting ( f4.21| ) with g°^ u gives 

1 



/!+^(0)V = 0, -^h+F(L)i> = Q. 



p- 



Since ^"(0) / ^(L), this implies f\ = if) = 0. 
Going on-shell, we substitute — m 2 for p 2 : 








m 2 e 2ky 



Ak 2 )b 



The solution of ( [4.23 ) is 



V + 2kb^ 



b^p,y) = A^p)J 2 (^e ky )+B^(p)Y 2 (^e 



m 



fry 



(4.20) 
(4.21) 

(4.22) 



(4.23) 
(4.24) 

(4.25) 

where J n (Y n ) is the Bessel function of the first (second) kind. Equation ( [4.24 ) provides 
boundary conditions: 



= m 



Ji 



m 

V 



= me 



kL 



{A^u{p) Ji 



kL 



+ B^ lu {p)Y 1 y—e 



m 



kL 



)} 



These can have a non-trivial solution only when 

"m 



J 



k 



Y 



-e kL 
k 



-e kL 
k 



0, 



(4.26) 
(4.27) 

(4.28) 
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which determines the discrete spectrum of massive graviton modes. Then, ( }4,25| ) becomes 

- ^ W {*(=) - *(=)n(^-)} , (4.29) 

up to an overall normalization. Note b^ v {p,y) has five polarizations from the transverse- 
traceless B^ v . Thus the physical content of the massive sector is a Kaluza-Klein tower of 
massive gravitons coming from b fJiU (x,y), in agreement with the Randall-Sundrum result. 

4.2 p 2 = 

We use the same massless tensor decomposition as in the flat orbifold case: 
h, 



where t^ v = (3^ u + ip^v v + ipvV^. Equation fl4.10|) gives 

2ip^' + 4^ 2 = e 2ky h(p) - AkF(y)^{p) 
and (O) and (fOD become 



p^cT = 3ke 2ky ] x 



Pvc u ' = Pv(e 2ky fi - kFi; - ip v n 



V 2 J 



(4.30) 



(4.31) 



(4.32) 
(4.33) 



Now we contract fl4.33|) with n^. In the Appendix, we show that n^c^ u = and p^n^ ^ 0; 
these are 4d tensor relations which are unchanged if replace by n**' or c^ u by c^J . Thus 
we get 



ip v n v ' + (p' 2 = e 2ky h - kF^j . 



Solving this and (4.31) for p v n vl and ip' 2 , 



ip v n 



r'2 



D 2ky 



-fx - kF^ . 



Since the trace of ( 4.11 ) gives 
- 3h' - UkFtp 



y=Vi 



3e 2ky f t 



y=Vi 



/i(p) = 



then (|4.32[) dictates 



--fii> 



0, 



(4.34) 

(4.35) 
(4.36) 

(4.37) 
(4.38) 



and from ( 4.35| ), we see can be gauged away by the longitudinal part of the residual 
gauge freedom. 

Equation ([4. 36|) is integrated to give 



¥2 = flip) ~ kFip . 



(4.39) 
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Then, contracting (|4.7| ), 

= - V" + 4k% u + p M p,{e- 2fc Vi " 4^-^; + 2/ 2 + (f - 2&f) ^} , (4.40) 
with n^n v ^ we get 



= e - 2fc Vi - 4jfce- 2fe Vi + 2/ 2 + ( i 7 — 21fcF)$. 



Similarly for ( [4.11 ) 



!/=!« 



e - 2 Vi 



2/=2/i 



Using flOU ) and flOj ), we obtain 



(4.41) 
(4.42) 



(4.43) 
(4.44) 

(4.45) 



This means that has the correct y-dependence to be gauged away by two transverse 
components of the residual gauge freedom. 
Finally, solving ( f4.42|) , we get 



a 2ky 



(pi = U{p) + e 4ky f 3 (p) + 2p-/ 2 (p) - mP) , 



(4.46) 



where we can gauge away f± by the remaining transverse component of the residual gauge 
freedom. Using ( 4.44j ), fi and f 3 can be written in terms of 



- e 2kL F(0)-F(L) T , HL) ~ m 7 



2kL _ I 



Ak(e 2kL - 1) 



(4.47) 



and then 



2fcL 

"2jfe( 



Thus all the surviving scalars are linearly dependent on tp. Since F{y) is an arbitrary 
function satisfying ( 3.22j ), we can simplify the above expressions. For example, choosing 
F(y) = l/a 2 , the above reduces to f2(x) = 0, (fx(x) = 0, and h^ v = a 2 (y)B fJiL ,(x) — 
(l/2) V ^(x). 

We see that the physical content of the massless sector consists of a massless graviton 
Bfj, u ( x ) with two on-shell degrees of freedom, and a massless radion ifj(x). This agrees with 
the standard results |2|, [Tof] . 
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5. Gravity in a general warped background 



We are interested in warped background solutions which are generalizations of the original 
two brane setup of Randall and Sundrum [||. We have a 5d spacetime, Ai, which extends 
to infinity along the usual (1+3) dimensions (denoted by x^) and has an extra spatial 
dimension (denoted by y) compactified on a circle with circumference 2L. There are two 
branes, which are nonintersecting codimension one hypersurfaces described by < &i(x, y) = 
and &2(x,y) = 0. The branes divide the 5d spacetime M. into two pieces: M\, which 
extends from <J>i(x,y) = + to <&2{x,y) = CP, and M2, which extends from $i(x,y) = CP 
to &2(x,y) = + . The branes have tension, which may be positive or negative, and the 
brane actions have kinetic terms for gravity, which in a complete model would be induced 
by radiative corrections involving brane matter [32]-[|34|]. 



The bulk part of the action will be written with a bulk metric 

Gmn 



G± v G44 



whereas brane parts are written in terms of the induced metric 



9 Q /3 



dx M dx N 

dx (i)a dx W &MN 



3>i=0 



with coordinate on the boundary hypersurface $j = 0, i.e., a "brane coordinate". 

Since the superscript W on any entity always implies that it is evaluated on the = 
hypersurface, we will omit [ ]<j> i= o hereafter unless there is room for confusion. The inverse 
of the bulk and induced metrics satisfy the relation [35|: 



[G MN U- =0 = N^ M N^ N + g WW? ® x ™ *f ( 5.i) 

y <9xM Q dxW v ' 

where N^ M is the unit vector outward-normal to <3?j = 0, which can be written as 



T (i) _ OjdM^i 

^GPQdp^idg^i 



Our convention for "outward" is that 9\ is chosen to be —1, while O2 is +1. 

The brane coordinate system together with N^j naturally induces a bulk coordinate 
system on the brane, which we will call the "boundary normal coordinates" (BNCs) denoted 
by x« M : on the <E>j = hypersurface, we have x^^-coordinates and defining the 
directions orthogonal to them. Then at every point on the 3>j = hypersurface, we choose 
the x^ a to be in the directions of the x^ a, s, and to be in the direction of N$ ■ One 
of the useful features of this BNC is that since the y^ -coordinate is orthogonal the to 
x^ a -ones, 

G® = 0, (5.3) 
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(i) - 

which, in turn, implies that //-indices are raised and lowered by g^ only, and the 4-index by 

(i) 

only. Note that the BNC is not necessarily the same as Gaussian normal coordinates 

(i) 

on the brane, since we don't require Ggg = 1. Also 

9 <*P ~ Q x (i) a Q x {i)f3 MN - °« °/3 MN ~ #5/3 ' 

i.e., the a/5-components of the bulk metric are the same as the induced metric. By con- 
struction we have 

N® = (0,0,0,0,^7^1), JVW J » = (O,O,O,O,0 i >/G«5). (5.5) 

To summarize, we have three types of coordinate system in this section: Roman indices 
denote bulk coordinates, barred Roman indices with superscript w denote BNCs on the 
i-th brane, and Greek indices with superscript W denote brane coordinates on the i-th 

(i) (i) 

brane. One exception to these rules is N*J : even though Na has a Greek index and a 
superscript W ; it denotes part of a bulk vector. 

5.1 Derivation of the equations of motion 

The most general interval picture action for 5d braneworld gravity, up to second order in 
derivatives, is 

S=(l d 5 x+ I d 5 x) V^g(2M 3 R- A 



/ d 5 x+ [ 

J Mi J M2 



+2M 3 V f d^J^iXiK® - Ut) + 4M 3 I K . (5.6) 

R is a Ricci scalar constructed from Gmn, while TV^' is a 4d Ricci scalar made of only 
g^u, with ~ indicating that it is a 4d quantity. The brane tensions V{ have been rescaled: 
Ui = Vi/2M 3 , as have the coefficients of the brane kinetic terms: Aj = M?/M 3 . 
K a p is the extrinsic curvature, defined on the boundary hypersurface [j35f : 



« AT (i) dx M dx N 

So 

#(«) = g(t)<*P K W = [QMN _ N (i)M N (i)N )VMN (i) = g MN VmN ^) f (5 g) 

where the last equality is because N^ M N]$ = 1, implying N^ n VmN$ = 0. 

The Gibbons-Hawking (GH) extrinsic curvature term in fl5.6|) is essential for a gravity 
analysis in spaces with nontrivial boundary. It ensures that, in the absence of bound- 
ary/brane sources, the EOM reduce to the usual Einstein equations for variations of the 
metric which vanish on the boundary. However in brane setups such as we are considering, 
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the variations of the metric do not vanish on the boundary. As a result, the GH term will 
make a nontrivial contribution to the boundary part of the EOM. 

Let's find the equations of motion for ( |5.6| ). Replacing Gmn by Gmn + SGmn and 
expanding up to first order in 5Gmn, the first term of (|5.6|) gives 



-G R 



A 



2M 3 



•G {5R + 5G MN R MN + (R 



A \5G\ 
2M 3 )lT) 



where 



(5.9) 



(5.10) 
(5.11) 



The last two terms of ( |5.9| ) give the bulk part of the variation, which contains the Einstein 
tensor: 



OLr = Lr OLrMN = — ^MNOLr j 

5R = -V M (y N 3G MN - G PQ V M 5G PQ ) . 



5S 



2M 3 



bulk 



d 5 xV^G \ R M n 



Next, from the brane part of (|5.6| ) we get 



Gmn 



,0 



R 



A 



2M 3 



SG 



MN 



(5.12) 



5 « { W« + Xi6g^n% - 9 -f(\m ~ U^)8g^) , (5.13) 



where 



8K® = -V®(vf5g® a P-gj$V® a 6g<&' s ) 



(5.14) 



with V® a covariant derivative with respect to of*L Since our bent branes extend to 



infinity along £ (^-directions, we can drop 4d total derivatives, and the brane part of the 
variation is 

(5.15) 



SS 



2M 3 



brane 



The 5R term in ( |5.S| ) and the last term of (5.6) produce the boundary part of the variation: 
applying the Gauss theorem in the curved spacetime, the 5R term gives 



SS I 
2mAsr 



d 5 x^GSR 

(bdy) 



= -2 V I 7 d 4 x^\PgV) N M ] (v N SG MN - G PQ V M SG PQ ) , (5.16) 

where the factor of 2 is because we have used the symmetry discussed in §2.1 to write four 
boundary contributions in terms of two, and 



(bdy) 
$ 1= 7$ 1= 0+ 



(bdy) 

$ 2 =0 J$2=0" 
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The K-term is a bit more complicated; we get 



SS I 
2mAk 

= 2 E 



4 E 



(bdy) 



$,:=0 



(bdy) 



*i=0 



d±x®J^{2N$V N 5G MN - (G MN + N$N$)N^ P V P 5G 



+ (2V M N® - V P (iV« p iV«Af ) - (Gmn - N$nS>)V p N^ p )5G mn } . (5.17) 

Note that we are varying g^L and as well because 5G MN does not vanish on the 
boundary. Then, combining ( 5.161 ) and ( 5.17 ) gives 



5S 



2M 3 



bdy 



2 E 



(bdy) 



iMN 



$i=0 



d^^gJ)[Nf I (v N 5G MN - N^N^ P V P 6G" 
+ (2VmN$ - 2N® P N®V P N® - GmnVpN^ p )5G mn } . (5.18) 
By introducing the projection operator, ?W, onto the i-th hypersurface, defined by 

P$ N = Gmn - N®N® , (5.19) 
(5.18) can be further simplified into 



5S 



2M 3 



bdy 



2 E 



(bdy) 



iMN\ 



*i=0 



d^)^gJ)[p^ p M V P {N^5G" 
+ (p«&VpJV# - G MN VpN® p )&G*»} 



Using the identity 

Pq P VpPm Q = -N$V P N® P , 
we can rewrite ( p0|) as follows: 



(5.20) 



(5.21) 



5S 



2M 3 



bdy 



2 E 



(bdy) 



d*xWj- g w{p%v P (p$ Q N®5G MN ) 



+ (pW&VpJvW - P^VpiVW^)^^} . (5.22) 



At this point ( 5.22| ) does not seem to give us an EOM because of the first term of the inte- 



grand, which contains a derivative of 5G MN . However P M ^ P V p is the tangential covariant 
derivative along the boundary hypersurface and P$® N$ 5G MN is a vector tangential to 
the hypersurface. Thus the first term in ( |5 .22 ) is a total tangential divergence, which is 
equivalent to a 4d total divergence, and can be dropped. 
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Now the complete variation of the action is 



5S 
2M 3 



Gmn 



R 



A 



2M 3 

,(0 



<5G 



MAT 



+ W ^yPgV) - ^(A^W - DijW^ (5.23) 

f (bd ^ 4sW ^/ 2p(!) P v# J)_ 2 ^ Vpff(!) py G M W 



From the arguments presented in §2.1, we can drop the distinction between brane and 
boundary contributions, obtaining 



5S 
2M 3 



+E ' 



Gmn ( „ A \ 1 c^mjv 



d 4 x 



$i=0 



W V^® { ( A ^S " - Wy>% e% (5-24) 



+2P«f / V P ivf - 2P$ Ar V P iV^}sG MiV 



where 



(i)M 



g x (i)M 



dx M 

transforms M-indices into M-ones. Thus we have the bulk equations of motion: 

Rmn-^ L (R-^)=0 
supplemented by the brane-boundary equations: 



(5.25) 



(5.26) 



(i)a „(0^ 



M c TV 



(5.27) 



*i=0 



. 



Equations ( 5.2G| - 5~2~7| ) are completely general and can be applied to arbitrary boundaries. 
It is completely covariant under general coordinate transformations, including those that 
bend the branes. 

5.2 Straight gauges 

It is extremely convenient to work in straight gauges. These are defined as follows: 
straight gauge: a choice of 5d bulk coordinate system such that: 

• both of the branes are described by straight slices y = yf, 
. G® = [G^) y=yi = fori = 1,2. 
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From (5J2), straight slices at y = yi implies that 

N®=0, ivf = 



Then using 



and (|B~28|), we get 



(i)M N V) _ p WM N (i) _ N (i) _ 
at M a M a 



,(<)4 



. 



(5.28) 



(5.29) 



(5.30) 



Note however that G^l = 1/G^ 44 is still arbitrary. 

Thus we see that an equivalent (and perhaps more intuitive) definition of straight 
gauges is: 

straight gauge: a choice of 5d bulk coordinate system such that = 

and Njp = 0. 

Yet another equivalent definition is that a straight gauge is any choice of 5d bulk coordinates 
such that the bulk coordinates are BNC's at the locations of both branes. 

A natural question is whether it is always possible to impose a straight gauge, starting 
from an arbitrary bulk coordinate system. We can prove this, without loss of generality, 
by starting from a bulk coordinate system where the first brane is at y = with = 
and [G^jj^o = 0, while the second brane is bent: 



$i = y, $2 = y-L-p(x) , 

(2) 

andiV^, [G>] $ 2 =o do not necessarily vanish. 

To get to a straight gauge, we first perform a GCT defined by 

p(x) 



(5.31) 



x M = , y = y 



L + p(x 



■y- 



under which 



but 



dx M Qx N 

dxV- Qy 

L + p(x 
I 



*i = y , <&2 = y-L 

Oy 



(5.32) 



(5.33) 



■Gmn 



y=Vi 



G 



M 4 



dy 
dx^ 



G 



44 



y=yi 



n ,y dp 

G ^ + Ldx^ GM 



(5.34) 



y=yi 



That is, the first condition in our definition of a straight gauge is satisfied but [G^4]§=l is 
still non-vanishing. Now we perform a second GCT such that 



y = y, x» = f»(x,y); 



(5.35) 
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both branes are still described by y = yi and 



[G. 



dx a ( dx 13 



dxf 1 \ dy 



(5.36) 



y=y% 



( 5.36 ) does not necessarily vanish at y = 0, L for arbitrary Gmn- But for any fixed Gmn, 
the quantity inside the parentheses can be set to be zero by choosing, for example, 



+ j dy g af3 G pi . 



(5.37) 



Therefore it is always possible to find a bulk coordinate system satisfying straight gauge 
conditions. 

The general brane-boundary equations Q5.27 ) simplify quite a bit in a straight gauge. 

J M N 



To see this, contract the tensor equations ( |5.27| ) with e^ M ■ 



$i=o 



. (5.38) 



These brane-boundary equations break up into three tensor equations each. The 44 equa- 
tion is: 



N * P^ M 



MN 



*i=0 



. (5.39) 



This is trivially satisfied, since eg is parallel to N^ M ^ and N^ M contracted with a 
projection operator Pju} P vanishes. 



The /i4 part is: 



' (i)M Ji)N 



MN 



*i=0 



. (5.40) 



The second and third terms vanish for the same reason as above, leaving only the first 
term, which is proportional to N^ N V pN$ = 0. 

So only the Jiv brane-boundary equation has any content. It can be simplified using 
d09|): 



,(») 



( A ^S - - ^)) 



(i)M (i)N , r (i) . „ AT (i) 



2« fe ,V P iV« P l = . (5.41) 



1 For any 5-vector Tm tangential to $i = O-hypersurface, 



T M = e\ T M = Tj = . 
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Now we impose a straight gauge. Then because of ( ggjj) , we can always choose the BNCs 
such that 



(t)Af 



rA4 



(5.42) 



Furthermore, in the straight gauge the y-direction of the bulk coordinate system on the 
i-th brane is parallel to iV»9 which is in the yW-direction, and thus we can take 



(i)M 



(5.43) 



That is, = 1 and we need not distinguish between xW M -system and [ar" j$ i= o-one; 
one bulk coordinate patch can describe the whole spacetime including the boundary while 
keeping a straight gauge, which justifies dropping bars on indices in ( 5.41 ). 

Due to ( 5.28| ) and the second condition in our definition of a straight gauge, we get 

V a iV» + VpN® = -2rtX } = OiVG^^p . (5.44) 

Similarly: 

- 2g a(3 V P N^ p = -26i g a/3 (VG^' + VG&T p pa ) = ^VG^g^ g' pa . (5.45) 
Putting together fl5.41 -5.45) we get the full EOM in an arbitrary straight gauge: 



bulk 



Rmn-\g M n(R-^) 
1 



(5.46) 



brane^oundary : - -g^W ~ U-) + 6iVG^(g' - g^g'g 9 *) =0. (5.47) 

L ^ J y=yi 

Recall that —0\ = 82 = 1, and that strictly speaking the terms multiplying 0i are evaluated 
at y = + , L~ , not at y = 0, L. 

5.3 Background solutions 

For a linearized analysis, we write 



Gmn = Gmn + ^mn 



9% N 
. 1. 



+ 



h\ v /144 



(5.48) 



We can solve ( [5.46 - 5.47 ) with a straight gauge ansatz for a general warped AdS± background 
metric: 

<y? 



1 



H 2 x 2 \2 



(5.49) 



with r]^ = diag(— 1, 1, 1, 1) and x 2 = r\ ilv x li x v . This corresponds to a warped geometry 
where each slice is AdS& (or 4d Minkowski space in the limit H 2 — ► 0). 2 



2 It is also possible to obtain factorizable backgrounds with dS^ slices, but we will not consider these 
solutions here. See jjjfj, ^] . 
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It is easy to show that 



r 0M 
1 v\ 



H 



2( 



1 - ^hrH 



<5 M 



^04 



(5.50) 

(5.51) 
(5.52) 



while all the other components of r°j^p vanish. 
Also we find 



R 



3H 2 + 3a' 2 + aa" 

^2 3(w 



R° 



•11 





4a^ 
a 



ft 
TZ' 



R 



y=yi 



y=Vi 



4(3F 2 + 3a' 2 + 2aa") 



[3H 2 



2 



L a 
12# 2 



and i?° 4 = 0. Then, with Gmn replaced by G\ IN , (|5.46|) gives 



H 2 + a'-2k 2 a 2 + aa")g 



"\ o 



H 2 + a' 2 



2^2 







(5.53) 
(5.54) 
(5.55) 
(5.56) 
(5.57) 

(5.58) 
(5.59) 



where k 2 = — A/24M 3 . We will restrict our consideration to models with a negative bulk 
cosmological constant. From ( [5.47 ) we get 

, 2a'^ 

% 

a 



Ui | X l H 2 



6 



9% 



0. 



(5.60) 



y=Vi 



The general solution of ( 5.59| ) with normalization a(0) = 1 has the form: 

cosh k (y - yo ) 



a (y) 



where 



cosh kyo 



cosh kyo 



< y < L , 



H 



(5.61) 



(5.62) 



With this solution, ( 5.58Q is automatically satisfied. ( 5.60 ) gives boundary conditions at 
y = and L: 



U X H 2 
y = 0:2kT = f + ^ w , 

V = L:2kT L = - + — , 



(5.63) 
(5.64) 
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where To = tanh/cyo and Tl = tanh/c(L — i/q). 

For convenience we define Vi = k\ t = kM 2 /M 3 and Wi = Ui/k = V/(2kM 3 ) and solve 
( 5.63 ) and ( 5.64| ) for Tq and Tl respectively to get 



Ui ( Xi H 2 cosh. 2 ky _ _ ^ 



12k ' 2k cosh 2 k{ Vi - y ) 12 2 V ' 



~* T ^ = vS~ 1± \l 1 + l mVi+v ^)- (5 - 65) 

Given any input values for the brane tensions V, and brane Planck constants Mi, we can 
find a background solution by solving for the 4d curvature parameter H and the brane 
separation L. Equivalently, we can specify wq, wl, vq and vl as inputs and solve for To 
and Tl using ( |5.65 ). For example, if wq = —wl = 12, vq > —1 and vl < 1, then H = 



(i.e. the branes are flat), the value of L is undetermined, and To = —Tl = 1. This special 
case becomes the original Randall-Sundrum model when we take Vq, vl — ► 0. 

Recall that we are only considering the case where the 4d curvature is AdS-hke, i.e. 
the bulk space is approximately AdS$/AdS±. This means that H 2 > 0, and the Tj are real 
and satisfy |T| < 1. Choices of input parameters which do not satisfy these conditions do 
not give AdS^/AdS^ solutions. Solving — 1 < T^ < 1, we get 

6 

Vi > n Wi > —6vi 

Vi 



n 



((vi > l n Wi < 12) u (vi < l n -12 < Wi < 12) 



6 

U ( Vi < n Wi < -Qvi 

Vi 



n 



<-ln!o»> -12) U («i > -1 n -12 < ^ < 12)) ) . (5.66) 



The results for T i are similar. Note that there are solutions for both positive and negative 
brane tensions, and for both positive and negative brane Planck constants. 

5.4 Gauge fixing 

Having determined the general background solution, we have to deal with the metric fluc- 



tuations, h mn j as given in (5.48|). We will perform a complete gauge-fixing, starting with 



the straight gauge implied by the background solution. All indices will be raised and low- 
ered using the background metric G° MN , but to reduce clutter we will omit the superscript 



on 



Under a linearized 5d general coordinate transformation x — > x M + £ the metric 
fluctuations transform as follows: 

2a' 



h^ u -> - g^—i? - V M £„ - V„£ M , (5.67) 



a 

h^i -» - g^ 1 " - d^ A , (5.68) 



444 — ' ''-44 



2C . (5.69) 
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We start with a partial gauge-fixing to exhibit the radion, letting = and 

£ {I)4 = I r h A4 dy - \ I" F{y)i>{x)dy , (5.70) 



2 J " 2 . 

with F(y) a fixed but arbitrary function of y. This transforms an arbitrary /144 into 

h u = F{y)^[x) . (5.71) 

Since we want to be in a straight gauge, we must require that £W 4 vanishes at the locations 
of the branes. On the interval < y < L, this fixes the y-independent part of (5.70): 



£ (IH = I r ^44 dy-l l V F(y)i>{x) dy , (5.72) 



2 Jo 2 j 

and fixes a relation between the radion field ip(x), F(y) and the original metric fluctuation 

hu(x,y): 

Jo F{y)dy 



From ( 5.73 ) we see that F(y), though arbitrary, must be nonzero. More precisely, the 



straight gauge condition requires: 







F(y)dy + . (5.74) 
Note that for a general metric fluctuation h^(x, y), we are not yet in a straight gauge since 

(i) 

y£ 0. So our next step is to fix to a straight gauge, by a partial gauge-fixing which 
eliminates h^^x^y) altogether. Choose £( n ) 4 = and 

£(n> = f h^dy. (5.75) 



Then h^ u is still arbitrary, /144 is unaffected, and 

V = . (5.76) 



Given the straight gauge conditions and the gauge choices ( |5.71| ) and ( 5. 76] ), the residual 
gauge freedom is generated by 

e 4 = o, e = e(x). (5.77) 

Note that what actually appears in the general coordinate transformation for h^ v is V /J ^ l/ (a;)-|- 
V u ^ fM (x), which picks up a nontrivial y dependence, a 2 (y), from lowering the vector index. 
The general coordinate transformation generated by 

e = HHx) = e(x) , ^ = —-^(1), (5-78) 

a 
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respects ( |5.71|) and ( 5.76|) but takes us out of the straight gauge. The scalar e(x) is the 
putative brane-bending mode. Since the equations of motion are covariant, even under a 
brane-bending transformation generated by e(x), this mode is pure gauge. 
The full linearized bulk equations of motion are given by: 



fiv part : V P V^ + V P V u h^ - V 2 h fMU - V^V u h 

,MN 



-^(V M Vjv/i iWJV - V z h) - 4k'g^h + 8A; Z V = » 
[i\ part : VpV^/if + V P V 4 ^ - V 2 /^ - V^V^fi = , 
44 part : 2V P V 4 /if - V 2 /i 4 4 - V4V4/1 



-^M^Nh MN + V 2 h - 4k 2 h + 8k 2 h M = , 



(5.79) 
(5.80) 

(5.81) 



where h = G MN Hmn- In our background the above EOM can be expanded using the 
following identities, which hold for any 5- vector T M : 



V^T 4 



a 



Using these and our partial gauge-fixings, ( 5.7l| ) and ( 5.76| ), we obtain 



(5.82) 
(5.83) 



= V p V M fc$ + V P V„K - V 2 V " Vfiji - g^{V p Vah pa - V 2 h) 



12 



?„ 4a' r, 8H 2 + 4a 
h/ju, + dtiuh H g^h H ^ 



3H 2 ~ 

2 , io„'2 



3o/ QH'^ -\- \2a! 

-FV^V^ + 9^FV 2 ^ g^F'ip = g^Ftp , 

a a z 



0= [V v K)'-d ll h' + — Fd^, 







a 

-V,V^ + V 2 / l + — h'-^-h 
a a z 



12a 



12 



-Ftp , 



(5.84) 
(5.85) 
(5.86) 



with h = g^ u h^ v . Also twice ( |5.86| ) subtracted from the trace of ( 5.84| ) gives the auxiliary 
EOM: 



(a 2 h'Y ~ 9 4a' , 

; +FV 2 tp F'ip-8k 2 Fip. 





a^ a 
By a similar procedure the brane-boundary equations become 



(5.87) 







Oi(h^ u ' ~ g^uh') + {—^- 2kT^jhp U - 3 ^Jf g^h + 3kTig^ u Fif) 

+j(y P VnK + VpV^ - v 2 v - v M v^) 

A 



'■^g^pVahr - v 2 h) 



y-yi 



(5.88) 
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5.4.1 "massive" case 

We can generalize ([j]) of Appendix (and shuffle (f>% and 02 ) to get 



h 



with 



0, 6 = 0, 



v% = . 



After y-integration, ( |5.87| ) gives the first equation for 0i and 02: 

fi (r) 4a' 
h' = 40' = " TVMx) + — FV(x) 

a z a 



(5.8 



(5.90) 
(5.91) 



(5.92) 



where £> n = V 2 -^-, .F'(y) = F(y) and a new field, fx(x), is introduced as an integration 
"constant" for h! . Of course, there should have been other generic integration constants 
arising from integrating F(y) and a{y). But all of them can be absorbed into J- and f±. 
Then (|5786|) and fl5~85p become 

a Ji 



V A 



^4^0! 

/ 2 

(W M ) 7 = 3V M (^-^V-^ 



a a* 



1^1 



(5.93) 
(5.94) 



As in the flat or RSI case, ( |5.89 ) breaks down when V jU V^ + V^V^ and ^V^Vj, — |g^V 2 j 0i 
become transverse, i.e. when 



V^V^V^ - -9^V 2 J0i = -V M P 4 0i = . 
So our "massive" tensor decomposition ( |5.89|) is valid for modes such that: 

i. scalar modes are not annihilated by P4, and 

ii. vector modes are not annihilated by P3. 
Due to the condition i, we can safely rewrite /1 as 

fi{x) = a 2 V A a{x) . 

We remove P4 from ( 5,93| ) to get 



,-V 2 0! = 2 + -(<7-^). 

4 a 



(5.95) 
(5.96) 



Taking a y-derivative of it and using ( 5.92 ). 

V 2 (a 2 0; -a + J^ip) = 0. 



(5.97) 



(5.98) 



(5.99) 



- 33 - 



In AdS±, the eigenvalue of V acting on a scalar is bounded below by AH /a , that is, V 
cannot kill a scalar [37|. Then ( 5,9S| ) gives 



a 2 (p[ = a — . 



Plugging this and ( |5.92 ) into (5.94), we get 

(p 3 v„y = o. 



(5.100) 



(5.101) 



Noting condition ii, we see that the y-dependence of should be a 2 . This allows us to 
eliminate using the transverse part of the residual gauge freedom. 



Now ( |5.84|) boils down to 
= 



+(V V - V^XaVi + 4aa 



-V 2 4>i + 2fo + Ft/;) 



+9, 



\a 2 \J 2 ^[ - 3aa'V 2 ^ + ^-V 2 ^ 



+w + 



-v V - 



„ 12a' , 6H 2 



^2 2~ 

a gt 



2 Fty 



6H 2 + 12a' 2 



4a. 



12 



2 u fJ-f ) 



(5.102) 



and (|5.88|) becomes 



^ + 2A;r j )6^-^V 2 6 



2 

39,, 



V 
3A,# 2 ^ 



A 



+(<?^ v " V M V„)(-0iaVi - ja z V^i + A^ 2 ) 



V 2 </>i 



' ~ 2 V 2 < 
3A,# 2 



a' 



>2 - 30i0' 2 + 3fcTiF^ 



A,;# 2 



4 2kTi)b^- ^V 2 6 



■2 3F 2 



+0i(l + fcAiT,) ( V M V V - + "^2-5^ ) " ^) 



V=Vi 



The trace of ( glQ3|) is 

Vi (a - J^(O)V') = , V A (a - T{L)ijj\ = , 
from which, considering condition i and J-(0) ^ J~(L), it follows that 

a = 0, V = 0. 



Then, from (f]§), d^98|) and ( gjjjg ): 



/ 2 (*) 



(5.103) 



(5.104) 



(5.105) 



(5.106) 
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and h^y is 



(5.107) 



Since a 2 V M V^/2 has the correct y-dependence and form, it is removed by the longitudinal 
component of the residual gauge freedom, leaving only b^. 

To get the spectrum of b^, first we solve ( |5.102| ) . Using the EOM for a transverse- 
traceless spin-2 field of mass m ^ in an AdSi background B: 



2# 2 - m 2 . 



0. 



(5.108) 



and substituting z = tanh/c(y — yo), it becomes 



dz z 



db av ( m 
2z—^ + 2 + — 



dz 



H 2 1 



bfj,,, = . 



and its solution is 



(5.109) 



A^P(Z,2,z)+B Mi/ Q(Z ! 2,z) 



(5.110) 



where P and Q are associated Legendre functions of the 1st and 2nd kind respectively and 
I = |(-l + v /9+to£). 



With 0571051) , (|5~103|) gives the boundary conditions: 



2fc(l - z 2 )^f + (4fcT + A A: 2 ^(1 - z 2 ; 



2k (l ~z 2 )^+ (ikT L + X L k 2 ^(l - z 2 ) ) h !ir 



y=o 

y=L 



Plugging ( |5TTT0D into fljUlj] ) and ( [oTTTl ), we get 



where 



5 



^1/ 



(5.111) 
(5.112) 

(5.113) 



o 



b L 



(k\ q(l - T 2 ) + (3 + ^9 + 4q)T ) P(^(-l + ^9 + 4g),2, -T„) 
+ (3 + ^9 + 4g) ^(^(-3 + V9 + 4g),2, -T ) , 

(fcAog(l - T 2 ) + (3 + ^9T4^)T ) Q(~(-l + V$ + 4q), 2, -T ) 
+ (3 + V9 + 4g) Q(^(-3 + v / 9 + 4g), 2, -T ) , 



ol = (k\ L q(l - T 2 ) + (3 + ^9 + 4g)T L ) P(~ (-1 + ^9 + 4q), 2, T L ) 



-(3 + v / 9 + 4g)P(-(-3+79 + 4g),2,T i ) , 



(k\ L q(l - Tl) + (3 + ^9 + Aq)T L ) Q(^(-l + V / 9 + 4^), 2, T L ) 



-(3 + v / 9 + 4^) Q(-(-3 + ^9 + 4^), 2, T L ) 



(5.114) 
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with q = The condition 

= a b L - a L b , (5.115) 

determines the mass spectrum of the massive graviton. Up to an overall normalization 
( 5.110| ) can now be written as 



J flU 



B^iboPQ, 2, z) - a Q(l, 2, z)} . (5.116) 



It seems that (5.115) can be solved by q = —2, which implies the emergence of a tachyon. 
But actually this is just an artifact of ( |5 . 1 15| ) : when m 2 /H 2 = —2, i.e., I = 0, P(0,2,z) 
identically vanishes, and we need another independent solution. Solving (5.109) with 
m 2 /H 2 = —2, we get 

e=- 2) = 4r- 2) ^J + 4r- 2) T^ . (5-ii7) 

which can satisfy (gUl^li^) only by A$ir~ 2) = B ( ^~ 2) = 0. That is, &$L =-2) = and 
therefore there is no tachyon. 

The final result is that the physical degrees of freedom in the massive sector consist of 
a Kaluza-Klein tower of massive gravitons from b fJiU (x,y), with 5 DOF each. 

5.4.2 "massless" case 

For modes which do not satisfy the "massive" conditions i and ii, we should use the curved 
space version of (|7|): 

+V M n^ + V^n M + c^v + g^i ■ (5.118) 

In this decomposition, vector and scalar modes are annihilated by P3 and P4, respectively, 
while tensor modes (see ( 5.108| )) are annihilated by X>_2- 
Equation (|5.87| ) gives 

n A f 

2V^' + V 2 = 4 + — F 1> > ( 5 -H9) 
a z a 

so ( |5.86 ) and ( |5.85 ) become 

V„V v cT = —4, (5-120) 
a a z 

V V <% = d ^ + - V»n v ' - <p' 2 ) . (5.121) 



Since 



V 2 V>V = V^VV + ^V%„ = ^V*V , (5.122) 

a z a z 

3H 2 



V 2 V^ v n v = V^7 v V z n v = — r V„V v n u , (5.123) 

a z 



/ 3H 2 \ H 2 

V 2 V M (scalar) = (V M V 2 - -^-V^J (scalar) = -^-V^ (scalar) , (5.124) 
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acting D3 on ( 5,121 ) reduces it into 



or 



Then (|5~TT9| ) gives 



' f 1 , a ' J7 I 

cr a 



V n"' - 
V "" " 2a 2 



(5.125) 



(5.126) 



(5.127) 



The trace of the brane-boundary equation ( 5.88 ) is 
= 



o\ tt2 

Wji' l -^—h + UkTiFiP - A 4 (V p V (T /i / " T - V 2 h) 



y=Vi 



-36,(1 + k\ i T l )^fi- 



y=Vi 



i.e., 



(5.128) 



(5.129) 



h(x) =0. 

Since V%„ / and V^n M ^ 0, (|5.120|) and (|5.127|) give 

C/1I/ = 0, n^' = 0. (5.130) 
Now that has the same y-dependence as it is gauged away. Also from ( |5.126| ) we get 

V2 = f2(x) + ^-H 2 d)^, (5.131) 

where =Tja 2 . 

With ^ = ^ + VpVv + V„u M , (HI) and flHf) become 



= - V + 



„ 2# 2 + 4a' 



/2 



(5.132) 



(5.133) 



+ (V M V, - — + AiffVi " Ai/ 2 (x) - fl^ff)^} 



By construction D_2 kills /^j,, and since 



2tf 2 ~ 



2# 2 = 



(5.134) 
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V ' u,v v + V^Uu is also annihilated by T>-2- But, acting on a scalar, 



i? 2 

T>-2 ( V M V^ - -^"SV 



AH 2 2H< 



H 2 



-9/j.u 



(5.135) 



Therefore, by applying T>-2 to ( |5.132| ) and (5.133) we separate scalar parts from the re- 
maining. The separated scalar parts have the form 



H 2 

V M V„(scalars) = -^-^(scalars) , 

which can only be solved by (scalars) = 0. Thus ( |5.132[ ) gives 

2H 2 + 4a' 2 



-t " + 



u tW 7 



= a>i' + 4aaVi " 2#>i + 2f 2 +[F + —T - 2H 2 $)4>. 



2a! 



while from ( |5.133| ) we get 



9t ' 



2kTd 



y=yi 



ia 2 ^ + XiH 2 ^ - Xif 2 (x) - Xi ( —T - H 



y=Vi 



Introducing z = tanh/c(y — yo), the most general solution of ( pM37|) is 

1 



+ B U JX 



1-Z 2 »"^>l- z 2- 

The boundary conditions provided by ( 5.139Q requires A^ v = 0. Thus, 

1 



t 



(5.136) 

(5.137) 
(5.138) 

(5.139) 
(5.140) 

(5.141) 
(5.142) 



Since 1/(1 — z 2 ) = cosh 2 k(y — yo) = a 2 (y) cosh 2 kyo, ( |5.142| ) is up to overall normalization 

t^(x,y) =a 2 (y)B^{x). (5.143) 



Then Vu has the correct y-dependence to be gauged away, leaving only 



( |5.138| ) has a general solution 

hix) 



H 2 



+ (1 - z) 2 C{x) + zD{x) - ${y)i>{x) , 



(5.144) 



and becomes 



H 2 



'-^Tfhn - -) 1 (■(■>■)+ zD(.r) - l v(/y)( •(.,•) 

h 



a $V u Vv Tg^v )ip 



W v u v 



H 2 



g^)[(l-z) 2 C(x)+zD(x) 



(5.145) 
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Then we can see that fi can be gauged away. 
Now Q5.14CQ gives 



where 



-a C + (3 D = -^PoF(Q) i> , 
-a L C + (5 L D = -^PlF(L) $ , 



a = 2(1 + T ) + fcAo(l + T Q f , O = 1 + kX T , 
a L = 2(1 - T L ) - k\ L (l - T L ) 2 , L = 1 + k\ L T L 



C(x) and D(x) can be solved; 



H»aoP L -a L *\*M-™)+> (5 - 146) 
D _ k a f3 L F{L) - a L PoF(0) ^ 
H 2 a (3 L - a L /3 

We can use the gauge freedom of F(y) to simplify C and D. For example, choosing 

*™=-Ki-£) + i- ^ 

gives 

C = -4o^, D = 0. (5.149) 

All the scalars are written in terms of tp(x). 

In summary, the physical degrees of freedom of the massless sector consist of a massless 
graviton from /3fj_ u (x) with two on-shell degrees of freedom, and a massless radion ip(x). 



6. Conclusion 

In this paper we have developed a detailed methodology for analyzing models of braneworld 
gravity. We have used the interval picture, in which braneworld gravity has a well-defined 
action principle. The key result is equation ( |5.24| ), which gives the full variation of the 
braneworld gravity action with respect to an arbitrary metric variation. From this, we 
obtain the usual bulk Einstein equations, supplemented by additional constraints which we 
call "brane-boundary" equations. 

The brane-boundary equations are generally covariant, even for coordinate transforma- 
tions that change the boundary. An immediate consequence of our result is that there are 
no physical "brane-bending" modes of the 5d metric in braneworld gravity, as one would 
expect if general covariance were partially broken. This is important since scalar modes 
can lead to strong coupling behavior and kinetic ghosts. In the general class of models 
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considered in this paper, the radion and the KK gravitons are the only possible sources of 
such pathologies. 

We have introduced the concept of straight gauges, and showed how it is always pos- 
sible to reach a straight gauge starting from an arbitrary bulk coordinate system. Then 
we showed how the analysis of linearized metric fluctuations and their equations of mo- 
tion simplify in a straight gauge. The equations of motion for metric fluctuations of higher 
dimensional gravity have previously been analyzed in axial, harmonic, de Donder, or Gaus- 
sian normal gauges. However, for braneworld setups with more than one brane, none of 
these gauge choices corresponds to a straight gauge in a single coordinate patch. 

In §3, §4, and §5, we have explicitly gauge- fixed and solved the equations of motions 
for setups with two branes, and 5d backgrounds that are flat, warped Randall-Sundrum, 
or general warped AdS^/AdS^. In all three cases we define a family of straight gauges. 
The straight gauges are parametrized by a single function F(y), that obeys the condition 



( 5.74 ) but is otherwise arbitrary. 

The greatest practical importance of our work is in applications to more complicated 
models and to more subtle issues. Since we start with a well-defined 5d generally covariant 
action, and gauge-fix it explicitly to an effective 4d action, there can be no arguments 
about the counting of physical degrees of freedom, the identification of kinetic ghosts, or 
the onset of strong coupling behavior (to the extent that such behavior can be accessed 
starting from a linearized theory). We intend to exploit these advantages in future work. 
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Tensor decomposition 

A massive symmetric tensor field in flat 4d spacetime has the decomposition 

T^v = b^ v + d,y v + d u V^ + d^d u 4>i + , (1) 

where 

fo = ?TV = 0> #V = 0, (2) 
8*% = 0. (3) 

@ provides 4 + 1 conditions, and then b^ v has only 10 — 5 = 5 DOF. Similarly, Vn has 
4—1 = 3 DOF due to 1 condition imposed by (||). Obviously, <j>\ and (f>2 have one DOF 
each. 

When the 4d fields are massless, i.e., d 2 (fields) = 0, both d^V v + d u V^ and d^d^i 
become transverse-traceless, and a simple decomposition like (||) breaks down. Let's derive 
the correct decomposition in the massless case. 
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First of all, we know that 4 out of 10 DOF of T^ u should be expressed in a pure gauge 
form, dnV v + d v V^. The vector should have three transverse components, one of which 
can be written as the gradient of a massless scalar d^ipi. Let the transverse vector 
denote the other two transverse DOF, and denote the longitudinal component, so: 

Vp = v fl + d^i + , (4) 

with d^v^ = and / 0. 

The DOF of any symmetric tensor can be divided into the following: 

B^ u : transverse-traceless, 

C^ v : traceless but not transverse, 

V^ u : trace piece, which we can take to be proportional to r]^ v . 

Obviously B has 10 — 5 = 5 DOF. We have already exhibited 3 of them; d^v^ + d v v^ and 
dfj,d u ipi. Therefore, 

Bnv = /V + dfiv v + dyv^ + d^d v tpi , (5) 

where f3^ v is a traceless-transverse tensor with 2 DOF. 

The sum of the DOF of B and C is 9, so C has 4 DOF. One of these is the pure gauge 
DOF n^; we can write: 

<V = + dyjiy + d u n^ - ^q^dpTiP , (6) 

where c^ u is a traceless but not transverse tensor with 3 DOF. 

Collecting the pieces, we get the decomposition of a massless tensor: 

T^ v = Pfj, v + d^Vy + + dpdvtp! + + d^n v + d v n^ + r}^(p 2 • (7) 

Let's look at the massless decomposition in momentum space, i.e., consider the decompo- 
sition of f^(p) = f d 4 xT^e ip - x , with p 2 = 0. When p 1 * is null, it is not possible to find 
three vectors which are mutually orthogonal and transverse to p^. Instead, we introduce 
the following explicit basis: 

e W : parallel to p^(helicity +1), e^e^=0; 

e {2) : antiparallel to p M (helicity -1), e^e® = , e^e^^O; (8) 
ef (j = 3, 4) : e^ef = t^ef = , e<>>eW = 8 jk , 
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from which we can build bases for second rank symmetric tensors: 



£« = 


(/t !/) ' HV 


MM _ 


e (4) 


e (4) 






A* 




M _ 


(1) (3) (4) _ 


e (l) £ (4) 






M _ 


e (l) e (l) 








B (6) _ 


e (l) £ (2) 








= 


,(2) (2) (8) _ 


J2)J3) 
f (/") ' 


e (9) 


_ (2) (4) 


MO) - 
^ lip 


= _ e (l) e (2) +€ (3) 


e (3) , £ (4) 


e (4) 





With (§), we can read off characteristics of each basis component: 
e^ 1-2 ); traceless-transverse, and transverse to 
£-(3-5) . traceless-transverse, 
e^: neither traceless nor transverse, 
e (7-9). traceless but not transverse, and transverse to 
£ (10) oc Vfiu . 

Then using the fact that ejL is parallel to p^, we can get the decomposition 

Tpv = P/Mu + iVpVv + iPuVfj, - p^Pufii + W^n u + + + 77^2 , (9) 

(2) 

where is proportional to , and 

Pfiv (= e*- 1-2 -*): traceless-transverse, and transverse to n^, 2 DOF; 

PijVu +p u Vfi (= e*- 3-4 -*): traceless-transverse, where is transverse to p M and to ti^, 
2 DOF; 

PtiPi/fti (=£^): traceless-transverse, 1 DOF; 
PvJn„ + Putin (= e^): 1 DOF. Pfl n^ ^ 0; 

C/av (= e*- 7-9 **): traceless but not transverse, and transverse to n M , 3 DOF; 
Vw<h (=e (10) ): 1 DOF. 
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